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Foundation of Quantum Mechnics studied in Matter-Wave optics

II.
IL.

Quantum Cheshire-Cat and Uncertainty Relations

Yuji HASEGAWA
Atominsitut, TU-Wien, Vienna, AUSTRIA

Introduction: neutron as a particle/wave

Quantum Cheshire-cat & weak measurement of spin-1/2
Uncertainty relations for error/noise-disturbance

Summary
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Neutron interferometry

Neutrons

m=1.67x10""kg
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U= —9.66x 107 J/T
T=887s
R=0.7fm

u—d—d quark structure
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Cheshire-cat

“Well! I’ve often seen a cat without
a grin,” thought Alice; “but a grin
without a cat! It’s the most curious
thing I ever saw 1n all my life!"
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Quantum Cheshire-cat

“Well!
a grin,’
without
thing I
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Abstract. In this paper we present a quantum Cheshire Cat. In a pre- and post-
selected experiment we find the Cat in one place, and its grin in another. The Cat
is a photon, while the grin is its circular polarization.
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Quantum Cheshire-cat in neutron interferometer




Quantum Cheshire-cat: neutron(cat) in upper path




Quantum Cheshire-cat: spin(smile) in lower path
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Weak measurement, weak value

VOLUME 60, NUMBER 14 PHYSICAL REVIEW LETTERS 4 APRIL 1988

How the Result of a Measurement of a Component of the Spin of a
Spin- % Particle Can Turn QOut to be 100

Yakir Aharonov, David Z. Albert, and Lev Vaidman

Physics Department, University of South Carolina, Columbia, South Carolina 29208, and
School of Physics and Astronomy, Tel-Aviv University, Ramat Aviv 69978, Israel
(Received 30 June 1987)

We have found that the usual measuring procedure for preselected and postselected ensembles of
quantum systems gives unusual results. Under some natural conditions of weakness of the measurement,
its result consistently defines a new kind of value for a quantum variable, which we call the weak value.
A description of the measurement of the weak value of a component of a spin for an ensemble of
preselected and postselected spin- 7 particles is presented.
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Weak measurement of neutron’s ¥2-spin
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Weak measurement of V2-spin: final results

Polar Angle # [rad]
S. Sponar et al. arXiv. Quant-ph/1404.212
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Uncertainty relation: historical

12

In 1927 Heisenberg postulated an uncertainty principle:

— A —,
FBtiss

y-ray thought experiment

— P 1 q 1= h

with q, (mean error) & p, (discontinuous change) ‘ -

Sei 4, die Genauigkeit, mit

der der Wert ¢ bekannt ist (y, ist etwa der mittlere Fehler von ¢), also
hier die Wellenldnge des Lichtes, p, die (Genaunigkeit, mit der der Wert p
bestimmbar ist. also hier die unstetige Anderung von p beim Compton-
effekt, so stehen nach elementaren Formeln des (‘omptoneffekts p,

und ¢, in der Beziehung
1)1 4, ~ h.
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Ozawa’s Universally Valid Uncertainty Relation

PHYSICAL REVIEW A 67, 042105 (2003)

Universally valid reformulation of the Heisenberg uncertainty principle on noise and disturbance
in measurement

Masanao Ozawa
Graduate School of Information Sciences, Tohoku University, Aoba-ku, Sendai, 980-8579, Japan
(Received 9 October 2002; published 11 April 2003)

The Heisenberg uncertainty principle states that the product of the noise in a position measurement and the
momentum disturbance caused by that measurement should be no less than the limit set by Planck’s constant
fi/2 as demonstrated by Heisenberg’s thought experiment using a y-ray microscope. Here it is shown that this
common assumption is not universally true: a universally valid trade-off relation between the noise and the
disturbance has an additional correlation term, which is redundant when the intervention brought by the

«(A)n(B) + (A7 (B) + o(A)n(B) > _|(¥[4, B]|4)]

B rigorous theoretical treatments of quantum measurements:
® first term: error of the first measuremt, disturbance on the second measurement

® second and third terms: crosstalks between spreads of wavefunctions and error/disturbance

: e




Experimental test
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Publications by other groups

PHYSICAL REVIEW LETTERS

PRL 109, 100404 (2012)

week ending
7 SEPTEMBER 2012
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Violation of Heisenberg’s Measurement-Disturbance Relationship by Weak Measurements

Lee A. Rozema, Ardavan Darabi, Dylan H. Mahler, Alex
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PRL 110, 220402 (2013)

PHYSICAL REVIEW LETTERS

week ending
31 MAY 2013

(a)i

Experimental Test of Universal Complementarity Relations

Morgan M. Weston, Michael J. W. Hall, Matthew S. Palsson, Howard M. Wiseman, and

ArXiv; 1304.2071

Centre for Quantum|

How well can one jointly measure two incompatible observables on a given quantum state?

SCIENTIFIC %
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Experimental violation and reformulation
of the Heisenberg's errordisturbance
uncertainty relation

So-Young Baek'*, Fumihiro Kaneda', Masanae Ozawa? & Keiichi Edamatsu’

"Research Insiitute of Electrical Communication, Tohoku University, Sendai #60-8577, Jopan, “Graduate Scheul of Infarmation
Universiy, Nogoyo 464-860 1, Japon.

f proj
asurement model that breaks

' (Recg Cyril Branciard
(b) § Con Centre for Engineered Quantum Syvstems and Scho|
4 The University of Queensland, St Lucia,
measuij (Dated: April 9. 2013
H -
princip Heisenberg’s uncertainty principle is one of the main tenets of
: il]g an fundamental importance for our understanding of quantum foun OPEN
photon| interpretation: although Heisenberg’s first argument was that the § g asess
' . state necessarily disturbs another incompatible observable. standl cummmmecrancs
Inaccu indeterminacy of the outcomes when either one or the other obsey ™o
precisely Heisenberg’s intuition. Even if two incompatible obse1 QuANTUM OFTICS
DOL: 14 still approximate their joint measurement. at the price of intro i
measurement of each of them. We present a new. tight relation “‘“9::::
the error on one observable versus the error on the other. As 24y 2013
characterize the disturbance of an observable induced by the appr 7 hiy 013
derive a stronger error-disturbance relation for this scenario. .
< X d realizes
———

15

parameter and yet validates Ozawa's relation.




Tight relation derived by Branciard

284 A) 1 B)N1-C* + 84 A) *+ 1 B)’ %ZC,
& where 8e=g\J1— €[4, We=n\1-1° /4, C = (w|[A.B]lw)|/2

_ week ending_

PRL 112, 020401 (2014) PHYSICAL REVIEW LETTERS 3

5

Experimental Joint Quantum Measurements with Minimu

1527

=
Martin Ringbauer,"”” Devon N. Biggerstaff,"* Matthew A. Broome,'” A"
Cyril Branciard,' and Andrew G. White"”
'Centre for Engineered Quantum Systems, School of Mathematics anc
University of Queensland, Brisbane QLD 4072, Australia
*Centre Jor Quantum Computer and Communication Technology, School of Math

03]

l _0 a i University of Queensland, Brishane QLD 4072, Australia
'- 8 (Received 27 Auuq[ 2013; ubhahed 15 szuar 2014)
4 Erro 1.EfR- O ary to ENDErg—~ = Elauo Oased
by Helsenberg PRL 112, 020402 (2014) PHYSICAL REVIEW LETTERS . TRECRE

7 ¥ e

+ &4) S Experimental Test of Error-Disturbance Uncertainty Relation

- 1.0
Fumihiro Kaneda."” So- -Young Back,"" Masanao Ozawa.” and I ¢

0.5 experlment Reiearch Institute of Electrical Communication, Tohoku University, Ser =
*Graduate School of Information Science, Nagoya University, Nagoyw

(Received 27 August 2013; published 15 January 201 %5f

We experimentally test the error-disturbance uncertainty relation (EDR) in gel
measurement of a single photon polarization qubit, making use of weak measur 0.0
signal state practically unchanged. We demonstrate that the Heisenberg EDR is v
Branciard EDRs are valid throughout the range of our measurement strength.

8.0
C. Branciard, Proc. Natl. Acad. Sci. U.S.A. 110, 6742 (2013).
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Tight relation: experimental setup

Oy =cosflpao, +sinloa oy,

Detector
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Tight relation: error-corrections
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Tight relation: from a pure state to mixed states
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Tight relation: all mixtures
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Entropic uncertain-relation (UR)

UR for states UR for measurements
*»* Robertson: ¢ Ozawa: axiv: 1404.3388v1, (2014)
1
AAAB = S |(pl[4, Bllp)] £(A)*AB* +1(B)*AA” +
2e(A)n(B) JMZABZ — D g% = Dyt
% Deutsch: Dag = 5 Tr(VPIA, BIV))
H(A)+ H(B) = —2log(c)
c: = maxl(a'lbk)l X Buscerni, Hall: err 112050101 2014)
jk

N(M,A) + D(M,B) > —log(c)

N(M,A): = H(A|M) & D(M,B):= H(B|M)

5 — vy WF A




Information-theoretic Entropy

Shannon Entropy H:

where A|a) = ala) for the observable A.
H(A, |p)):= = X4 p(@log(p(a))
p(a) = aly)|?

Coin toss: Probability for heads or tails | ;-

P(heads) = X P(talls) _ l_X'
(Binary) Shannon entropy
: H(X) = -X lOg(X) (1 X) log(l_x)

Probabilty




Measurement M Measurement B
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Concluding remarks

Neutron optical method is an effective strategy
for studies of foundation of quantum mechanics.

- Quantum dyanamics: quantum Cheshire-cat and
full weak-value determination are demonstrated.

- Error-disturbance uncertainty relation: tight
relation for pure/mixed input-states are shown.

- Entropic noise-disturbance uncertainty relation:
tightness of the relation is confirmed.
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Neutron Quantum Optics
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The neutron

Particle

m = 1.674928 (1) x 10-27 kg

s:lh
2

1L =-9.6491783(18) x 10-27 J/T

1=887(2) s
R=0.7 fm

a=12.0(2.5) x10-4 fm3

u-d - d - quark structure

Feels four-forces

CONNECTION

de Broglie
Ap = _h
m.v
Schrodinger
Hy(r )= | h—&; ¢ t Y
&

boundary conditions

Wave

Ao = =1.319695(20) x 10-15 m

h
m.cC

For thermal neutrons

=2 A, 2000 m/s, 20meV

m ... mass, s ... spin, 0 ... magnetic moment,
T ... B-decay lifetime, R ... (magnetic) confine-
ment radius, a ... electric polarizability; all other

measured quantities like electric charge, magnetic

monopole and electric dipole moment are com-
patible with zero

27

_uB

—

Ag = - =18x 10-10m
m.v
1 8
A. =—= 10%m
28k

A, = v.At = 102 m
Aq = v.T = 1.942(5)x 106 m
0<yx<2xm (4m)

Ac ... Compton wavelength, Ap ...

deBroglie wavelength, A ...
coherence length, A, ... packet

two level system length, A4 ... decay length, dk....

momentum width, At ... chopper

opening time, v ... group velocity, y
...... phase.
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Neutron interferometer

confinement
radins

1.5 fn

28

ghion force

s dectromagnetic
interaction

ghion force
A dectomagnanic

LATTICE
PLANES

PERFECT
SILICON
CRYSTAL

Schrédinger cat-like part

il "
,r' —> smile of the
wave function
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Two-particle vs. two-space entanglement

2-Particle Bell-State

|\P) = >I®| ‘L>H + | ‘L>I®| T>H>

1
Lt

I, IT represent 2-Particles

2-Space Bell-State
) =M., + ).,

S, p represent 2-Spaces, eg. spin & path

B,
Magnetic Prism (Guide Field)
Polarizer i —

Incident
Neutrons

—y | Spin Rotator (0)

X

Quantum Analyzer
. y O-Detector
contextuality 2B

29

Violation of Bell-like inequality
S'= E‘((XUXI) + E'((vaz) - E‘((prl) + E'(O%Xz)

=2.051 £0.019 >2
Hasegawa et al., Nature2003, NJP2011
Kochen-Specker-like contradiction 1

E,-E, =0407 25 E'=(X,¥,-%,X,)=-03861
Hasegawa et al., PRL2006/2009

Tri-partite entanglement (GHZ-state)

“P >={\\PI>®\T>®\\P(EO)>

Neutron

(e ) @(er|d)) ofe” v, +ha))]

=2.558 £0.004 >2

Hasegawa et al., PRA2010

M

Measured




Neutron interferometer beamline S18, ILL

@ Institut Laue Langevin (ILL)
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Wave-partcle duality with electrons

Electron source

Electrons

Electron
o = DIprism

F

é dr
Detector




Particle/Wave in quantum mechanics

Particle and wave properties

p =mv = h/A

(L. De Broglie)

Schroedinger equation

0¥ (F,t) _mv o
ot

(E. Schrodinger)

im

Uncertainity

AxX Ap = h/40]
(W. Heisenberg)
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Another view of quantum Cheshire-cat: effectiveness
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Quantum Cheshire-cat: final results

Path 7 Path 11

(IT;)  0.14£0.04 0.96 £ 0.06
[(63T1)|? 10T £0.25 0.02+0.24

Z5 () [1+|+x)/)

(Ifr)w =0
(0, 1111)w =1
T. Denkmayr et al. Nature Comm. 5:4492 (2014).
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“ex post facto” attack

I I N S =

week

eek ending
PRL 111, 160405 (2013) PHYSICAL REVIEW LETTERS 18 OCTOBER 2013

5

- Error 1s defined as the root-mean-square (rms):

eMy=(yesi[urueoM)U-A®I] [y &)

- Disturbance 1s defined in the same manner:
nB)=(y ®L|UTBO®NHU -B®I| |y ®¢)

Definition: (K,&,U, M) is a measuring process

K: a Hilbert space,
&: a unit vector in £, M. O
U: a unitary operator on H @ K, - UZawa,

M: a self-adjoint operator on K. Ann. Phys 311, 350 (2004).
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“ex post facto” attack: case by Busch et al

In contrast, Fig. 2 shows the scenario discussed by
Heisenberg. The middle row shows an approximate posi-
tion measurement Q' followed by a momentum measure-
ment. How should we define the momentum disturbance
and position error in this setup? The error of the approxi-
mate position measurement Q' clearly refers to the com-
parison with an ideal measurement Q as shown in the first
row. For the momentum disturbance we can say the same:
We have remarked that the momenta before and after the
microscope interaction do not commute, so the difference
makes no sense in the individual case. However, we can
compare the distributions of the momenta measured after
the position measurement (we call this effective measure-
ment Py with the distribution an ideal momentum

4O

Ap(P)

FIG. 1. Scenario of preparation uncertainty. A , is the root of
the variance of the distribution obtained for the indicated ob-
servable in the state p. In this pair of experiments no particle is
subject to both a position and a momentum measurement.

merit for the device, a promise which might be advertised
by the manufacturer, and which could be verified by a
testing lab. A(Q, Q') = 0 will mean that the “approxi-
mate”’ device Q' is completely equivalent to the ideal Q:
i.e., for every input state p the output distributions will be

R
pr0 4 Ao o)

ik
[peP N d-a@P)

FIG. 2. Scenario of measurement uncertainty for successive
measurements, as discussed by Heisenberg (middle row). An
approximate position measurement Q' is followed by an ideal
momentum measurement, effectively given a measurement P’ on
the initial state. The accuracy A(Q, Q') quantifies the difference
between the output distributions of Q' and an ideal position
measurement Q (first row). Similarly, the momentum distur-
bance A(P, P') quantifies the difference between the distribu-
tions obtained by P and by an ideal momentum measurement P
(last row). The definitions for these A quantities (see text) can be
applied, more generally, to an arbitrary joint measurement M
(dashed box). This can be any device producing, in every shot, a
q value and a p value. Q' and P' are then defined as the
marginals of M, obtained by ignoring the other output.

160405-2

36

P. Busch et al. Phys. Rev. Lett. 106 (2013) 110406.

@ FWF
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“ex post facto” attack: case by Korzekwa et al etc.

s inevitable only between state-independent measures of

PACS number(s): 03.65.Ta, 03.67.—

Definition 1. Operational disturbance: Consider a nonse-
lective measurement of observable A on a system in state p
thatresults in final state p". We say the measurement of A, given
p, 1s operationally disturbing to a subsequent measurement of
B iff the statistics of B differ for p and p'.

Moreover, any measure of disturbance should assign the
value 0 to operationally nondisturbing measurements, which
is the central operational requirement (OR) of this work. This
is clearly an uncontroversial demand, however the reason we
spell it out explicitly here is precisely that there are recent

P[.SPVII-R

Available online at www.sciencedirect.com
sCIENCE @nlngc'r-

Physics Letters A 320 (2004) 261-270

PHYSICS LETTERS A

www elsevier com/locate/pla

Noise and disturbance in quantum measurement

Paul Busch ®, Teiko Heinonen®*, Pekka Lahti®

and the two observables involved. Second. whenever
the noise is ‘small’, this should mean that the mea-
surement is ‘good’. We take this to mean that vanish-
ing noise (in a given state 1) should indicate that the
probability distributions Ey, and E:M of E and EM
are the same in that state. Finally. i

is a good one. meaning that Ey

the measurement

— EM for all states

Yr. then this should be indicated by a vanishing noise
measure for all .

ron]lnenf Qvnmn]nc' [2 17 101 in tha litaratiira that fail tn
p o L PHasEs  DELWeell ClEellstdlcs OF 50 (UG OL-OIdEeldl s )
adhere t‘uemw should not be treated as disturbance to the measurement of B.

Satr;fym nent of In other words, disturbance of the measurement of B occurs if
ared in  and only if diagonal elements of p in the basis of eigenstates of
or, then B change. This is the essence of the OR., which i1s operationally
.asthe  motivated by the fact that only the change in the measurement
tate. statistics can be detected by the measurement (otherwise

052108-2

K. Korzekwa et al. Phys. Rev. A 89 (2014) 052108.

37
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“ex post facto” attack: functional vs operational

Wigner function, W(Q,P)
=» quasi-probability distribution

Quantum state
=» Quantum process

<given by density operators>

p—

I

I

I

! Measurement output
| =» functional

i <classical phenomena>
I

I

—

Measurement procedure
=» operational

<quantum mechanical phenomen

38
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'"Quantun

By James Morgai
Science reporter, BBC Mithilfe schwacher Messungen schaffen Forscher im Labor das Analogon einer Cheshire Cat

Von grinsenden Katzen und nackten Neutronen| Lustauf Sal

Schadet ein geringer Salzkonsum

Die Frage, wie viel Sulz man
maximal verzehren sollte,
exhitzl seit langem die Gemiiter.

O ins Feuer giesse
A “5"_)\ Iniiatoren einer weltumspanne-
den Bevolkerungsstudie

eder Physikstudent lernt, dass

= unméglich ist, Informationen
[iber ein Quantenobjekt zu ge-
[winnen, ohne es zu stiren. Doch
Imit schwachen Messungen wird
klas Unmigliche miglich. Bei der
lInterpretation der Resultate ist
lallerdings Vorsicht angebracht.

Die Cheshire-Katze und ihre quantenmechanische Entsprechung

R
13

LARRY o
.

Nicola von Lutteroui

Laut den gingigen medizinischen Emp.
fehlungen sollien Erwachsene taglict
Christion Speicher hiichstens 2 Gramm Natrium, das ent-
=pricht ctwm 5 Gtamm Sk, sich neh
[Duantenphysiker haben cine Schwiiche on. Jenseils dicse we bestehi

ffur Katzen, Ein beruhmtcs Beispicl st P domasch die Gelzhr, das der’ Bt
Ischridingers Katre. Dabei. handelt e ’)\ druck und damit das Risiko fir Herr

ich um ein imaginares Wesen, das zu- > " leiden und Schlaganflle anstei
ammen mit einer todbringenden radio- — E e o \ i
fplsiven Substanz in ciner Kiste cinge- gt L) T 0 i
sperrt ist. Laut - ;wf‘m o &t L\L)’ hnrg Unerwartetes Ergehnis
Hie Kate in cinem Zustand zwischen Lol In cine andere Richtung weisen die
ot und lebendig. bis cine Messung Ge- gel
fwissheit daruber bringt, ob ein radio-
ptiver Zerial statigefurden hat oder | () Pasiator o Nerpm et gt e @
lnicht. Ganz nach dem Geschmack der e ey = e ey
|Quantenphysiker it auch die Choshire | Pl o wmpprgmn: ichong gt i gk oo o M n.mﬁin x?wu,. :
|Cat aus dem Kinderbuch «Alice im = konsum von maximal 5 Gramm eher Er-
[Wunderlands. Die kieine Alice begeg- | dm Pk, 3 ek i Sin g Wogp keankungen des -Kreislauf-
Inet dort ciner Kalze, ber die sie sich “'r""""f_":;['::‘?,:’h:’jr‘;jm,, o oo i o S it D e

vundert: <Oho, ich habe Oft cine | posiskiwsn Nastroren, m eren e Ui mp- g gramn Desiwa ot ot achicn
[Katre ohne Grinsen geschen, aber ein
Srinsen ohne Katze, so etwas Merkwiir- Sprenaiatr Diass wir auf Salziges stehen, komm
Kiiges habe ich in meinem Leben noch s 2 Nastrzn srn San D 4 nicht von ungefihr: Natrium spicll he
Inicht geschen.- - ellichen_ Stoffwechselprozessen  cing

Dataktsr wichtige Rolle. De lmnscnlrm Orga- -
i 0 darauf g
¥ neral ancr 3STiEF der Quantenphysmer. [ NG Collection/Intertotovpicturedesic corm |
nehmen und im Komper zu halten. An-
gesichts dieser evolutiondiren Weichen-
stellung ist wenig erstaunlich, dass mehr
e als 90 Prozent der Teilachmer von Pure
lweise sogar deutlich mehr Salz.

cerzeheien als gemeinhin empfokien
Der durchschnittliche Sauk(m\um be-
trug rund 12 Gramm am T
Wic sich zcigle en i Verla

von knapp vier Jahren 3317 Probanden

fz‘,\ cine teilweise todliche Herz-Kreislaut-

Sabisder

Cetrennte Wege

[Wor glaubt, so etwas Absurdes wic cin
i Grinsen ohne Katze gebe es nur in der
.. irrt. Am Institut Lave-Lange-
(-] t)slcm.l(hls(hm
franzdsischen und amerikanischen For-
ASschern kurzlich gelungen, dic quanten-
tsprechung einer Che-
cinem
T Jaterierometer konate die Grappe um
ffobias Denkmayr uad Yuji Hasepava
om Atominstitut der TU Wien Neutro-
Inen von ihren magnetischen Momenten Neassonancpla
rennen: Wihrend die Neutronen den

Spngl - Amseltcrsten betroflen waren

w1 VOI ihren Eigenschaften zu trennen. |

inen Plad des Inferferometers cin- —
hiugen, wahlien ihre magnetischen Saly e « |
Motats i saiers Dok R | mmmcyey mmemares [r—— . rhalb dieses] [T Wundel‘land "
jdor Katzen hatte sich also gewisser- Schwellenwerts nahm dic Erkrankung
Imassen verselbstandipt (siche Grafik), gefzhr deutlich zu. In beiden Richiun-
Das Nevtronen-Experiment List | Grosse kennl, desto grosser wird die | plexe Zabl ergeben. Zudem koantendie | Far Astschen sorgle 2011 auch cine gull dabei: Yo weiler sich der
ufhorchen, weil s auf cinem unge- | Unsicherheit bertalich der anderen. | schwachen Werle von Arbeit von Ae im Urin von 4 Gramm
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Quantum Cheshire-cat: final results
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Uncertainty relation: historical 2

. Kennard considered the spread of a wave function y

( ) ( )_} —ﬁ — -
(T Q ol P , oy

2 IR e
o: standard deviations — ‘

. Robertson generalized the relation to arbitrary pairs of
observables 1n any states

1
o(4) o(B)2 - |(v|[A4.B]|y)

— dependent on the state but independent of the appartus

Is e(A)n(B) = %K;VHA,B” W>‘ generally valid ?




Definition of error & disturbance

® Error is defined as the root-mean-square (rms):
P
e(A) = (| @ E|(UTT @ MU — AQT)7|€) @ [¢)'/?

describes how accurate the value of the observable A before the
measurement 1s transferred to the apparatus’s meter observable M

meter observable M has orthonormal basis IN) © M = Z A A (A
A

family of measurement operators: O, = ()\|U|£) acting on object-system H" (U on H"' @ H"**?)

» (4 =Y |0A(A = A |
A Il = X[ = (I XTX|e)2

® Disturbance is defined in the same manner:
2
n(B) = (| @ (€|(UT(B o I)U - BRI)7|6) @ |)'/?

defined by the rms difference between the observable B at time 7 = 0 and at time 7 = Az

=) IO, BI)|I?
G el A F




Universally valid uncertainty relation by Ozawa 1

Joint measurement of A and B 1n state y:

¢ M= A"+ N(A)
+  B=Bin4+D(A)

We obtain the following commutation relation for noise and
disturbance operator with [M°", B°"]=0

[N(A),D(B)] + [N(4), B™] + [A™, D(B)] = —[A™, B™]

applying the triangular inequality
([N (A), D(B)])| + [([N(A), B™]) + ([A™, D(B)])| = [T ([A, Bp)|
M. Ozawa, Phys. Rev. A 67, 042105 (2003).
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Error and disturbance for projective measurement

® Error:
(A2 =D 0a(A = Ay
If the O, are r?"lutually orthogonal projection operators sum and norm can be exchanged
e(A)* = ||(0a — A)|Y)||? output operator: O4 = ~ A0,
different expression for measurement (5 expectation values): !

e(A)” = (WIA%[v) + (PIOZ10) + (¥|0alY) + (Y]|AOAAlY) — (Y|(A + 1) Oa(A + I)|¥)

L. o~ A= -

with 0% =) A*0l0, ('O alb") ("0 alp"")
A

® Disturbance:  7(B)* =) [|[Ox. Bl[0)|”
\

<’l!)”{ |{B |w!!!> (w!!”l{B |,¢,HH)
n(B)? = (|B2y) + (Y| XBW) + | Xpl) + (Y| BXpBlY) — (|(B + ) Xp(B + I)|4)

with X3 =" 0l B%0, , and modified output operator: Xp = » 0l BO,
g )

: e A e



Results: error-disturbance trade-off
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Error of the measurement of A: ¢

+(Ay|0,|Ay)—((A+ Dy|O,|(A+ Dy)

[—

o
in

Disturbance of the measurement of B: 1)(B)

-
T Y 3n Tt
U i % 2

Detuning angle ¢ [rad]
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V) = [+=2) 1) = |+2)
|AY) = |—2) |ByY) = |—=)
(A + 1)) = [+x) (B +1)y) = |+y)




Results: error-disturbance trade-off
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Error of the measurement of A: g(A)

= |
E N\‘—\«g
pE
S
5
e 1
Q
B
©
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1S
2
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8
=
8
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Detuning angle ¢ [rad]
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Experimental setup

I I N . =

r : B a . )
® Pre-Selection: Weak ® Post-Selection:
! . 1
i = —7= |9z} I zi —} [T = — (Sg; —| ({ Jil
%) 7 (1823 +) 1) +|Sz; =) L)} | Interaction e 7 (Sz; = ((I] + (11])
Guide Field A
] A \rl Al
o  Polari g < )W T
A olarizer 2 Spin Rotators e <'¢ i |wz>
Absorber ! H-Detector
1 'e
Analyzer
/2 Spin-Turner O.Dotactan
7 /2 Spin-Turner
\ J
2 A )
imaginary optical potential V; = —ip;(r)1L; (path j) )

[path conditioned interaction Hamiltonian H =
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Heisenberg’'s uncertainty relation

Lens of the
objective

Heisenberg’s Uncertainty Principle

Change in momentum

AxAp_ = h

Change in position

Electron

Gamma-ray
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Results: new/old uncertainty relation

2.5 s
27| N
|/ i
1.5-/ \
-g(A)o(B)+o(AN(B)+e[AM(B)
| | NI PN AN ——
o7 |
-€(A)N(B)
Ol
o F ¥ 3
0 [rad]
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|

z
¥>

£ :errorof the first measurmen (A)
n : disturbance on the second measurement (B)

o:standard deviations sandarddeviabons:

o(B)=0.9999(1)
o(A)= 0.9994(3)

Heisenberg product

T Cok=T+ =7 ]
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A-error and B-disturbance: a trade-off

E(M,A)+ D(M,B) >log

where ¢ = max, j |<¢a‘90b>‘2

F. Buscemi, NWW2014
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Experimental scheme 1

a) :
or Et;;r::;fnn Measure B
b) C
{A|a>=a|a> i 5
B|b)=p|b)

(N(LA) == p() ploulw) logp(oul w) =H(A | M)
oL

DMB)=-> p(B)pBIB)logp(BIB)=H(B|B"
B.p'

\

where p(...|...) :conditional probability & p(...) :marginal probability

H(...1...):conditional entropy

) I
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Experimental scheme 2

a) Corect

or CHECHON Measure B
operation

b) C

=ala)

£
B|b) =B|b)

N

5#‘

N(M,A) +D(M,l§) 2Cyp = —logmaxka |b>

in particular, for two-level systems A= o &B = G,

‘2

g[NL&)T +g[D46) ] <1

1+x 1+x 1-—x 1—x
2

whereg[...] :inverse function of hi(x) = —

lo — lo
2 8 2 2 5
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Determination of Noise/Disturbance

p=+1 K
Measurement C Measurement —
M B
p =-1 A
K= +1 K
Measurement C Measurement |
M B
p=-1 ;
\‘ i __

Z,BJ' Iff#,g" i ('8) . Z#:«ﬁ’ I.SE#.S" p{B!LS) _ Z# I.BBFHS’

A
Lol ) - 17
2 Loup

n p —
A A = B
Za.lp,ﬁ" Iﬂpﬁ" Zp,ﬁ’ I.::p,ﬁ’ E Z.S:-F-“:-.'BF I.BP'-S!

pla) =

N(MA) = =Y p(Wpal wlogp(ol W) =H(A | M) D(M,B) = > p(BYp(B1P")logpBIB)=H(BIB"
o,u : B.B'

: I A



Experimental results:

p(ula) P(RIp)
1.0 ot 1.0 = -
/-—'-‘\ x- - ... | ]
+ 05 05
=
0.0 0.0
1.0 1.0
T 05 0.5 1.0
= o
0.0 0.0 e g 09
1.0 1.0 =
~ 3 08
é 0.5 E 0.5 q.-. . % -
0.0 0.0 " [a)
1.0 ., 1.01 o=~ 0.6
T 05| 0.5¢ 05
=, x
0.0 0.0 4 n
0 Tt 2n 0 Tt 2n ol 2 3n
O[rad] O[rad] rad] : n
1 1+ pacosé
p(a) = p(8) = pope(B) = b} plpla) = #T:
1+ 3'3sin’ @ 1+ 33 sinf
p(818) = p(8I) = LTI i (818) = pom(B)8') = LIS

N(M,A) =h(cos), Dy(M,B)=h(sin’6)

[
L
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Entropic Noise/Disturbance: theory

Information-theoretic formulation of
Noise-Disturbance Uncertainty Relation

N(M,A) + D(M,B) > —log(c)

where
N(M,A):= H(A|M) &D(M,B): = H(B|M)
HY|X):= —X,,p(y.,x)log (p(y¥|x)) for joint probability
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Experimental setup

Preparation Measurement M Measurement B

guide
field Bz i i | | |

Polarizer Analyzer Analyzer
A—EE -0 —(o-Hl-9—-Hl-D-
Neutron X X = = Detector
source DC-1  DC-2 DC-3 DC4
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Final results for entropic noise-dist. relation

1.0
- - - uncorrected
~ .
—N[MA] ==D;[M.B] =Dy [M.B] w  — optimally
" ~
10 t= Rt e B 0.8 corrected
b“ \ ol '.r‘ ‘t‘ A !/ :’ : Q
: !} v ! ¢ )
LAY /] v A ! ! U
075 % \ P s
] Ay, N I : g 06
)\ \ )\ / : 0
[ ] * ! [ | 1] . S
0.5 - L i ' I i
\ \ I " “\“ / E 'E 0.4
W f i, 0
0.25- wood Wt :
'I‘ l: “lt rl: E
k. * W . 0.2
0.0 1 | l‘ij | | ‘}it' | .
i i 3n 5m 3n I
L N T T A 0.0
Polar Angle, § [deq] :
d d : 00 02 04 06 08 1.0
Noise N

Entropic noise-dist. uncertainty relation
has m-periodicity !!! Tight relation is attained.
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