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I. Introduction: neutron as a particle/wave 

 

II. Quantum Cheshire-cat & weak measurement of spin-1/2 
 

II. Uncertainty relations for error/noise-disturbance 
 

V.    Summary 
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Neutron interferometry 

H-Detector

O-Detector

Sample
o

Phase Shifter
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ΨII
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Neutrons

   m = 1.67× 10–27 kg

s = 1
2

h

µ = – 9.66× 10–27 J/T

τ = 887 s

R = 0.7 fm

u–d–d quark structure
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Cheshire-cat 
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Quantum Cheshire-cat
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Quantum Cheshire-cat in neutron interferometer

( )1
-x I + +x II

2
( )1
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Quantum Cheshire-cat: neutron(cat) in upper path

T=1                   T=0.8                  T=0.6
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Quantum Cheshire-cat: spin(smile) in lower path
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Weak measurement, weak value 
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Weak measurement of neutron’s ½-spin
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S. Sponar et al. arXiv. Quant-ph/1404.2125

Weak measurement of ½-spin: final results
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• In 1927 Heisenberg postulated an uncertainty principle:

�-ray thought experiment

�

with q1 (mean error) & p1 (discontinuous change)

• � in modern treatment for commuting observables:

Uncertainty relation: historical

:error of the first measurmen ( )

: disturbanceon the second measurement (P)

Qε

η




1 1p q h≈

( ) ( )
2

Q Pε η ≥
h
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Ozawa’s Universally Valid Uncertainty Relation
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Experimental test 

J. Erhart et al., 
Nature Phys. 8, 185-189 (2012) 
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Publications by other groups

ArXiv; 1304.2071
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Tight relation derived by Branciard

C. Branciard, Proc. Natl. Acad. Sci. U.S.A. 110, 6742 (2013).

( ) ( ) ( ) ( )
1

222 22 1 ,A B C A B Cε η ε η − + + ≥
 

% % % %

[ ]2 21 4, 1 4, , 2where C A Bε ε ε η η η ψ ψ= − = − ≡% %

by Ozawa

by Branciard

by Heisenberg

Neutron 
experiment
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Tight relation: experimental setup
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Tight relation: error-corrections
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Tight relation: from a pure state to mixed states

Remark: M. Ozawa, arXiv:1404.3388

[ ]1
A,B

2A BC = ψ ψ

[ ]( )1
' Tr A,B

2A BC = ρ

[ ]( )1
Tr A,B

2A BD = ρ ρ
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Tight relation: all mixtures
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Entropic uncertain-relation (UR)
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Information-theoretic Entropy

Coin toss:   Probability for heads or tails

p(heads) = x     p(tails) = 1-x

(Binary) Shannon entropy

H(X) = -x log(x) – (1-x) log(1-x)
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Results for entropic noise-dist. relation

Entropic noise-dist. uncertainty relation

has ππππ-periodicity !!!
Tight relation is attained.
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Concluding remarks

Neutron optical method is an effective strategy

for studies of foundation of quantum mechanics. 

- Error-disturbance uncertainty relation: tight 

relation for pure/mixed input-states are shown.

- Entropic noise-disturbance uncertainty relation: 

tightness of the relation is confirmed. 

- Quantum dyanamics: quantum Cheshire-cat and    

full weak-value determination are demonstrated.
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Neutron Quantum Optics
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m = 1.674928 (1) x 10-27 kg

s = 
1
2

h

µ = - 9.6491783(18) x 10-27 J/T 

τ = 887(2) s

R = 0.7 fm

α = 12.0 (2 .5) x10-4 fm3

u - d - d - quark structure

 m  ... m ass, s ... spin, µ  ... m agnetic m om ent,                    λc  ... Com pton w avelength, λB  ...  
 τ ... β -decay lifetim e, R  ... (m agnetic) confine-                  deBroglie w avelength, ∆c  ...  
 m ent radius, α  ... electric polarizability; all other  -µB ________________             coherence length, ∆p  ... packet  
 m easured quantities like electric charge, m agnetic      tw o level system       length, ∆ d ... decay length, δk.…  
 m onopole and electric dipole m om ent are com -                  m om entum  w idth, ∆ t ... chopper 

                      patible w ith zero                                                  µB ________________             opening tim e, v ... group velocity, χ    
                                                                                                                                                                                                    … … phase.  

CONNECTION

de Broglie

Schrödinger

& 
boundary conditions

      λλλλ B
h

m. v
====

      
Hψ(

v 
r ,t) = i h

δδδδψψψψ(
v 
r ,t)

δ  t

For thermal neutrons
= 2 Å, 2000 m/s, 20meV

λλλλ c
h

m.c
====  = 1.319695 (20) x 10-15 m

λλλλB
h

m.v
====  = 1.8 x  10-10 m

∆∆∆∆ c
1

2 k
==== ≅≅≅≅

δδδδ
 10-8 m

∆∆∆∆ ∆∆∆∆p v t==== ≅≅≅≅.  10-2 m
∆∆∆∆ d v==== ====. ττττ 1.942(5) x  106 m

0 ≤ χ ≤ 2π (4π)

�������������������������������� 				����



����Feels four-forces

The neutron
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Neutron interferometer
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Two-particle vs. two-space entanglement
 

2-Particle Bell-State 
  
Ψ = 1

2
↑ I⊗ ↓ II + ↓ I⊗ ↑ II  

I, II represent 2-Particles 
 
 

2-Space Bell-State 
  
Ψ = 1

2
↑ s⊗ I p + ↓ s⊗ II p  

s, p represent 2-Spaces, e.g., spin & path 
 

Violation of Bell-like inequality 
   S' ≡ E' α1,χ1 + E' α1,χ2 – E' α2,χ1 + E' α2,χ2

= 2.051 ±±±± 0.019 > 2
 

 

Kochen-Specker-like contradiction 1 

63%
1 2 1 2

ˆ ˆ ˆ ˆ0.407 ' X Y Y X 0.861x yE E E⋅ = ←→ ≡ ⋅ = −  
 

 

Tri-partite entanglement (GHZ-state) 

Hasegawa et al., Nature2003, NJP2011

Hasegawa et al., PRA2010

Hasegawa et al., PRL2006/2009

{
( ) ( ) ( )}

I 0

II 0

Neutron ( )

( )i i i

r

E

e e e E
χ α γ ω

Ψ ⊗ ↑ ⊗ Ψ

+ Ψ ⊗ ↓ ⊗ Ψ +

Ψ =

h

2.558 0.004 2MeasuredM = ± >
Quantum 

contextuality
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Neutron interferometer beamline S18, ILL

@ Institut Laue Langevin (ILL)
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Wave-partcle duality with electrons
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p = mv = h/�

(L. De Broglie)

�����������	

�x �p � h/4�

(W. Heisenberg)


�����
��������������

(E. Schrödinger)

),(
),(

trH
t

tr
i

ρ
ρ

η ΨΨΨΨ====
∂∂∂∂

ΨΨΨΨ∂∂∂∂

M.C.Escher, 1938

Particle/Wave in quantum mechanics
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Another view of quantum Cheshire-cat: effectiveness

T=1            T=0.8          T=0.6

≈

21
1 cos

2
α α− :

sinα α:
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Quantum Cheshire-cat: final results 

( )1
-x I + +x II

2
( )1

-x I + II
2

T. Denkmayr et al. Nature Comm. 5:4492 (2014).
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“ex post facto” attack  

- Error is defined as the root-mean-square (rms):

- Disturbance is defined in the same manner:

M. Ozawa, 
Ann. Phys 311, 350 (2004). 

2 1 2†( ) ( )A U I M U A Iε ψ ξ ψ ξ ≡ ⊗ ⊗ − ⊗ ⊗ 

2 1 2†( ) ( )B U B I U B Iη ψ ξ ψ ξ ≡ ⊗ ⊗ − ⊗ ⊗ 
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“ex post facto” attack: case by Busch et al

P. Busch et al. Phys. Rev. Lett. 106 (2013) 110406.
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“ex post facto” attack: case by Korzekwa et al etc.

K. Korzekwa et al. Phys. Rev. A 89 (2014) 052108.



38

“ex post facto” attack: functional vs operational

Wigner function, W(Q,P)
� quasi-probability distribution 

Quantum state
� Quantum process

<given by density operators>

Measurement output
� functional

<classical phenomena>

Measurement procedure
� operational
<quantum mechanical phenomena>
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Reactions
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T=1            T=0.8          T=0.6

Quantum Cheshire-cat: final results 
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• Kennard considered the spread of a wave function �

σ: standard deviations

• Robertson generalized the relation to arbitrary pairs of 
observables in any states �

� dependent on the state but independent of the appartus

Uncertainty relation: historical 2

[ ]1
( ) ( ) , ?

2
Is A B A B generally validε η ψ ψ≥

[ ]1
( ) ( ) ,

2
A B A Bσ σ ψ ψ≥
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Definition of error & disturbance
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Joint measurement of A and B in state �:

• Mout = Ain + N(A)

• Bout = Bin + D(A)

We obtain the following commutation relation for noise and 
disturbance operator with [Mout, Bout]=0

applying the triangular inequality

Universally valid uncertainty relation by Ozawa 1

M. Ozawa, Phys. Rev. A 67, 042105 (2003). 
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Error and disturbance for projective measurement
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Results: error-disturbance trade-off

2 2 2( )

( ) ( )

A A

A A

A A O O

A O A A I O A I

ε ψ ψ ψ ψ ψ ψ

ψ ψ ψ ψ

= + +

+ − + +
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Results: error-disturbance trade-off

2 2 2( )

( ) ( )

A A

A A

A A O O

A O A A I O A I

ε ψ ψ ψ ψ ψ ψ

ψ ψ ψ ψ

= + +

+ − + +
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Experimental setup
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Heisenberg’s uncertainty relation
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New uncertainty principle

Heisenberg product

Results: new/old uncertainty relation

:errorof the first measurmen ( )

: disturbanceon the second measurement ( )

:standarddeviations

A

B

ε

η

σ







J. Erhart et al., Nature Phys. 8, 185-189 (2012) 
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A-error and B-disturbance: a trade-off 

F. Buscemi, NWW2014
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Experimental scheme 1

ˆ

ˆ

A a a

B b b

 = α


= β

,

, '

ˆ( , ) ( ) ( | ) log ( | ) ( )

ˆ( , ) ( ') ( | ') log ( | ') ( )

N A p p p H

D B p p p H

α µ

β β

 ≡ − µ α µ α µ =



≡ − β β β β β =


∑

∑

� A|�

� B|B'

(... | ...) :condit ional probability & (...) :marginal probability

(... | ...) :condit ional ent ropy

where p p

H
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Experimental scheme 2

ˆ

ˆ

A a a

B b b

 = α


= β

+ ≥ ≡ −� �
2ˆ ˆ( , ) ( , ) log maxA BN A D B c a b

[ ]

= σ = σ

 σ + σ ≤ � �
22

ˆ ˆˆ ˆin part icular, for two-level systems &

ˆ ˆ( , ) ( , ) 1

z y

z y

A B

g N g D

[ ]
+ + − −

≡ − −
1 1 1 1

where ... : inverse funct ion of ( ) log log
2 2 2 2

x x x x
g h x
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Determination of Noise/Disturbance

α µ

≡ − µ α µ α µ =∑� A|�

,

ˆ( , ) ( ) ( | ) log ( | ) ( )N A p p p H

β β

≡ − β β β β β =∑� B|B'

, '

ˆ( , ) ( ') ( | ') log ( | ') ( )D B p p p H
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Experimental results: 
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Information-theoretic formulation of          
Noise-Disturbance Uncertainty Relation

where

Entropic Noise/Disturbance: theory
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Experimental setup
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Final results for entropic noise-dist. relation

Entropic noise-dist. uncertainty relation

has ππππ-periodicity !!! Tight relation is attained.


